Method of intermediate problems in the theory of linear semi-bounded self-adjoint operators on rigged Hilbert space was applied to the investigation of the ground state energy of the Fröhlich polaron model. It was shown that various infinite sequences of non-decreasing improvable lower bound estimates for the polaron ground state energy can be derived for arbitrary values of the electron-phonon interaction constant. The proposed approach allows for explicit numerical evaluation of the thus obtained lower bound estimates at all orders and can be straightforwardly generalized for investigation of the low-lying branch of the slow-moving polaron excitation energy spectral curve adjacent to the ground state energy of the polaron at rest. In conjunction with numerous, already derived by multitudinous methods, well-known upper bound estimates for the energy spectral curve of the Fröhlich polaron as a function of the electron-phonon interaction constant and the polaron total momentum, the aforesaid improvable lower bound estimates might provide one with virtually precise magnitude for the energy of the slow-moving polaron. 
The polaron concept and the Fröhlich polaron model
It is well known that a local change in the electronic state in a crystal leads to the excitation of crystal lattice vibrations, i. e. the excitation of phonons. And vice versa, any local change in the state of the lattice ions alters the local electronic state. This situation is commonly referred to as an "electron-phonon interaction". This interaction manifests itself even at the absolute zero of temperature, and results in a number of specific microscopic and macroscopic phenomena such as, for example, lattice polarization. When a conduction electron with band mass m moves through the crystal, this state of polarization can move together with it. This combined quantum state of the moving electron and the accompanying polarization may be considered as a quasiparticle with its own particular characteristics, such as effective mass, total momentum, energy, and maybe other quantum numbers describing the internal state of the quasiparticle in the presence of an external magnetic field or in the case of a very strong lattice polarization that causes self-localization of the electron in the polarization well with the appearance of discrete energy levels. Such a quasiparticle is usually called a "polaron state" or simply a "polaron". Hence, polaron formation is a consequence of dynamic electron-lattice interaction.
The concept of the polaron was introduced first by L.D. Landau in a very short paper [1] , followed by much more detailed work by S.I. Pekar [2] who investigated the most essential properties of stationary polaron in the limiting case of very intense electron-phonon interaction, so that the polaron behavior could be analyzed in the so-called adiabatic approximation. Subsequently, Landau and Pekar [3] investigated the self-energy and the effective mass of the polaron for the adiabatic or strong-coupling regime. Many other famous researchers, among them H. Fröhlich, R. Feynman and N.N. Bogolyubov, contributed to the development of polaron theory later [4] [5] [6] [8] [9] [10] . Since its inception, the polaron concept remains of interest from at least two points of view, practical and theoretical as well: it describes the physical properties of charge carriers in polar crystals and ionic semiconductors and, at the same time, represents a simple but rich in content field-theoretical model of a particle interacting with a scalar boson field.
The model under consideration is the standard quantized Fröhlich polaron Hamiltonian introduced by H. Fröhlich [6] H =p
where
The operatorsp andr stand for the electron momentum and position coordinate quantum operators, satisfying the usual commutation relations
and the operators a + k , a k , satisfying the usual commutation relations [a k , a
are Bose operators of creation and annihilation of longitudinal optical phonons of energy ω and wave vector k. It is assumed that the phonon wave vector runs over a very large but finite quasidiscrete set of values
where a 3 is the volume of the unit crystal cell and L 3 is the number of these cells within the volume V of the crystal, L assumed to be even. The limit V → ∞ corresponds to the rule of the transition from the quasi-discrete to continuous spectrum
to be applied to all relevant expressions. Here k D = (6π 2 ) 1/3 /a is the Debye wave vector, a being the lattice constant. For any realistic, or "physical", observable polaron, the value of k D is finite whilst the limit k D → ∞ corresponds to the so-called "field-theoretical" polaron model. It is important to emphasize from the beginning that in this study we are preoccupied mainly with physical polaron model. Extensive useful discussion on various aspects of phenomenological polaron physics as well as on the derivation of physical quantum polaron model (1) and methods of its treatment can be found in [7] and references therein. For the matter of convenience it is assumed further on that = ω = m = 1.
Low-lying branch of the polaron energy spectrum
It is known that the polaron total momentum
is a constant of the motion and commutes with the Hamiltonian (1). Therefore, it is possible to transform the Hamiltonian to the representation in whichP becomes a "c"-number by means of the unitary transformation
in thep -representation whereP becomes a quantum "c" -number P, the value of the polaron total momentum, and the Hamiltonian (2) no longer contains the electron coordinates. Another unitary transformatioñ
provides us with the Hamiltoniañ
which is just the sole Hamiltonian to be treated further on. The ultimate goal is to find the lowest eigenvalue E(P ) of this Hamiltonian for a given total polaron momentum P. Then, for low-lying polaron energy levels the function E(P ) might be represented as an expansion
where E g is the polaron ground state energy and the coefficient m eff can be interpreted as the polaron effective mass. Extensive work has already been done to evaluate E(P ) directly through conventional perturbational calculations or to find upper bound estimates for E(P ) by means of multitudinous variational methods. These approaches are beyond the scope of this work. It is only worth noticing that, as a rule, perturbational schemes do not provide us with reliable error bound estimates whilst the upper bounds can be relied upon only if they are supplemented with corresponding lower bounds for the magnitude in question. To our knowledge, lower bounds to the polaron energy spectrum have been receiving much less attention than the upper bounds throughout very long history of polaron studies. Among the most remarkable contributions several works by E.H. Lieb should be mentioned first of all [11, 12] as well as the succeeding work by D.M. Larsen [13] , who improved the result of [11] , though neither of the lower bounds to the polaron ground state energy presented in these papers comes close to the best lowest upper bounds available so far. Moreover, no algorithm has been proposed to improve these bounds step by step in a regular way. The purpose of the present research is to show that improvable lower bound estimates for the low-lying branch of the polaron energy spectrum can be derived by the method of intermediate problems in the theory of semi-bounded linear Hermitian operators on rigged Hilbert space. The principal idea of the method goes back to H. Weyl [15] and A. Weinstein [16] , and has been elaborated since then by numerous contributors (see, for example, [17, 18] and references therein) with regard to problems of classical and quantum mechanics.
Basics of the method of intermediate problems
To make this proceeding self-contained, some technicalities of the method of intermediate problems are outlined here in brief. The starting point of the method is the standard time-independent Schrödinger equation
where H is some Hermitian operator with respect to the inner product (φ, ψ) = φ * ψdτ in Hilbert space. It is assumed that all continuous spectrum energy levels of H are higher than the lowest discrete spectrum energy levels of one's interest. Let us assume, too, that these discrete eigenvalues of H can be ordered in a nondecreasing sequence,
in which each degenerate eigenvalue, if any happens to be among others, appears the number of times of its multiplicity. Eigenstates ψ i , corresponding to the eigenvalues E i , satisfy the equation
and are assumed to be orthonormalized, so that
where δ ij is Kronecker's delta. It is further assumed that the Hamiltonian H can be decomposed as
where H 0 has known eigenvalues and eigenstates and H is an arbitrary Hermitian operator which is to be positively definite in the sense that
for every ψ in the domain of H. Hereafter, it is assumed that the lowest part of the discrete spectrum of H 0 is below its continuous spectrum and that the corresponding discrete eigenvalues can be ordered in the same manner (4) as the ones belonging to the total Hamiltonian H
with the degenerate eigenvalues appearing the number of times of their multiplicity. The corresponding orthonormalized eigenstates ψ 0 i satisfy the equation
Because H 0 H in the sense of inequality
for every ψ in the domain of H, it follows from the Weyl comparison theorem [15] that
Therefore, the eigenvalues of H 0 already provide a rough lower bound to the eigenvalues of H. The Hamiltonian H 0 is called the base Hamiltonian as usual. It is worth noticing that the decomposition (5) is not unique and can be tailored to meet the requirements of a particular problem in question.
The basic idea of the method of intermediate problems is to approximate the original Hamiltonian H from below by a non-decreasing sequence of the so-called truncated intermediate Hamiltonians H l,k . These Hamiltonians are to be constructed to satisfy the inequalities
Therefore, the Hamiltonians H l,k increase whatever index k or l is increased and thus must give improvable lower bounds for the lowest eigenvalues of the original Hamiltonian H. It was shown [19] that the truncated Hamiltonians H l,k can be represented in a general form
Here the Hamiltonian H l,0 is a truncation of the base Hamiltonian H 0 of the order l defined as
or, alternatively, in Dirac's more transparent bra and ket notation
whereÎ stands for the identity operator. Truncations of H 0 satisfy the inequalities
which were proved in general case in [20] . The operator P k defines a projection of an arbitrary vector φ in the domain of H onto the subspace formed by a sequence of linearly independent vectors p 1 , p 2 , . . . , p k :
where constants α i must satisfy the equations
Here an auxiliary inner product with respect to the metric operator H was introduced as
for every pair of vectors ψ, φ for which H ψ and H φ are defined. These vectors p i are to be normalizable in the sense of the original inner product (6), i. e.
but neither their explicit normalization nor orthonormalization are required. Projections P k become larger with the increase of the number k of the elements p i involved. As a consequence, the following inequality holds
which in terms of original inner product reads as
From equations (12), (13) it follows that
where b ij are the elements of the matrix inverse to the matrix with terms [p j , p i ]. As a consequence of equation (14) H 
by construction if inequalities (15) are taken into account. According to equations (11) and (15)
Therefore, the lowest ordered eigenvalues E l,k i of H l,k must satisfy the parallel inequalities
and
thus providing improvable lower bounds for the original eigenvalues E i of the Hamiltonian H.
As was proved in [20] , the so-
The truncation procedure (10) can be significantly improved from the point of view of practical calculations if the original Hamiltonian H is formally decomposed as
where the differenceH = H − H l,0 is obviously positive and can play the role played before by the metric operator H . In this case the positive contributions from the operator
to lower bound estimates are not simply neglected at will but rather carefully taken into consideration on common grounds with the contributions stemming from H , thus making these bounds higher than they might have been otherwise under the original truncation procedure (10) . The eigenvalues and eigenstates of the intermediate Hamiltonians H l,k of any order (i. e. for arbitrary magnitudes of the indices l and/or k) can be expressed analytically or calculated numerically in terms of the known eigenvalues and eigenstates of H 0 and an arbitrarily chosen set of linearly independent vectors p i , (i = 1, . . . , k). It was proved in [19] that those eigenvalues of the Hamiltonian (9) different from E 0 l+1 (and also from E 0 1 , . . . , E 0 l , should there be any eigenvalues of this kind in some special cases ) are the roots of the equation
Each solution of (18) provides n linear independent eigenfunctions of H l,k where n is the nullity of the coefficient matrix in (18) . If the number of such eigenfunctions is less than k + l then it is necessary to verify if some of the eigenvalues E A verification algorithm for the test of this assumption was outlined in [19] . From the consideration above it is clear that H l,k may possess at most l + k eigenvalues different from E 0 l+1 . Let us notice that E 0 l+1 is an eigenvalue of H l,k of infinite multiplicity by construction and each of its corresponding eigenfunctions is orthogonal to all other eigenfunctions of the Hamiltonian (9) . To obtain the lower bounds for the eigenvalues E i of the original Hamiltonian
respectively. Here an arbitrary positive parameter ε was introduced formally and identically to ensure strict positivity of the Hamiltonian H as required by the positivity condition (7) . Later this parameter can be chosen arbitrarily small or may even be employed appropriately as a variational parameter. Because by constructionH
g and E g are the ground-state energies ofH, H 0 and H respectively. Since E g = ε, we have
Inequality (23) clearly shows the above-mentioned difference between the so-called "physical" and "field-theoretical" polaron models. For the former, the ground-state energy can only decrease no faster than linearly in α for any fixed k D while the latter, as is well-known, allows for the asymptotic behavior quadratic in the electron-phonon interaction constant, e.g.
3π , incompatible with (23) for large enough α. The eigenvalues of H 0 are equidistant
and highly degenerate except for the ground state, which is the phonon vacuum state |0 , but the multiplicity of all of them remains finite until the limiting transition V → ∞ is carried out. The corresponding normalized eigenstates of H 0 are
These groups of eigenstates span subspaces with zero, one and n − 1 phonons respectively. Now, let us design a sequence of the truncated Hamiltonians H l,0 for the polaron model. For our purposes it would be convenient to choose them as
Summation˜ k1,...,kn in taken over the states |k 1 , . . . , k n in such a way that all the equivalent phonon states distinct from each other exclusively by permutation of quantum numbers k 1 , . . . , k n are counted only once. Because H 0 − H n,0 are non-negative by construction, all the Hamiltonians (27) are positively definite. Hence, any of them may serve as a new H in the intermediate problems formalism. Substituting our choice (24) and (27) for H l,0 and H in equation (18) and taking recourse again to conventional Dirac's bra and ket notation throughout, we arrive at
This equation is a source of multitudinous lower bounds to the ground state energy ofH lying below the onset of the continuous spectrum. The proximity of these lower bounds to the true value is stipulated by the number of the trial states {|p i , i = 1, . . . , k} and by the particular choice of these states. At the same time, for any number and choice of the trial states the resulting equation (28) will always be polynomial in E. It is very important to stress that neither part of the original Hamiltonian (3) has been omitted so far upon deriving the principle equation (28) and no other approximations have been made. As a consequence, the precision of the lower bounds (28) depends totally on the particular choice of the states {|p i , i = 1, . . . , k} and the size of this set of states.
The larger the size k of the set, the larger the subspace spanned by this set would be providing that {|p i , i = 1, . . . , k} are linearly independent. Of course, it is worth noticing that the problem of convergence of the lower bounds to the precise values of the discrete spectrum has not been solved yet for the method of intermediate problems in general though some important encouraging partial results have been obtained for some classes of self-adjoint linear operators on Hilbert space. Therefore, it is only natural to believe that for large enough set of the trial states (28) would yield reliable lower bounds for the polaron ground state energy. Anyway, it is already seen from the formalism outlined above that the method of intermediate problems delivers improvable lower bounds and, regarding the choice of the states {|p i , i = 1, . . . , k}, seems to be flexible enough to achieve sufficiently good for all practical purposes lower bounds already for a set of trial states of moderate size k. As to the particular choice of these trial states, it is nearly obvious even from the purely technical point of view that the natural choice for the first trial state |p 1 would be
so that equation (28) reads
Despite simplicity of this equation, the stemming from its lower bound improves the trivial lower bound (23) by default due to the contribution from the positive definite operator (22) exclusively. The rest H 0 − H 1,0 of the operator (27) cannot contribute to (30) at all because, in general case,
Also, it is easy to see that 0|H n |k 1 , . . . , k m = 0|H |k 1 , . . . , k m ∀ m and 0|H |k 1 , . . . , k m = 0 for m 3.
Therefore, for the n-th order partitioning (26) of the original Hamiltonian starting from n 3 and the choice (29),
The last term in (31) can be omitted in the limit n → ∞, E n+1 → ∞, and the resulting equation provides the best lower bound available for the particular choice (29) of |p 1 . It is also seen from the structure of (18) that, in general, neither particular choice of only one single trial state |p 1 can produce lower bound to the ground state energy higher than the second eigenvalue E 0 2 of the Hamiltonian H 0 unless, of course, 0|H |p 1 = 0. To obtain the higher lying (and thus better) lower bounds one has to extend the set of trial states {|p i } and, consequently, to enlarge the subspace on which H is projected. In principle, there are many ways of choosing these additional trial functions but it would be prudent to choose them so as to ensure explicit analytical calculability of all matrix elements in equation (18) first of all. Then, it would be desirable to project H onto the subspace formed by those trial states which have already been used in polaron studies successfully, for example, the states employed in variational approaches aimed at derivation of the best available upper bounds to the polaron energy spectrum. Among them, the Lee-Law-Pines variational function
introduced in [14] , meets these requirements and can be incorporated into the set of trial states as |p 2 . Here the function f (0) (k) might subsequently be chosen to maximize the lower bound (18), which task seems to be more complicated than the one of the upper bound minimization undertaken in [14] . Or, alternatively, the value of f (k) can be taken exactly the same as in [14] . In the same fashion, generalized Lee-Law-Pines variational states of the type
introduced by D.M. Larsen [13] , can be employed as |p 3 , |p 4 , . . . , |p n+2 trial states in (18) in order to increase the dimensionality of the trial subspace.
Summary
It was shown that there are many ways of applying the method of intermediate problems to the investigation of the physical Fröhlich polaron model for which k D is finite. Each way relies on its own choice of the original Hamiltonian partitioning (26), complemented with the customized choice of trial variational states {|p i , i = 1, . . . , k}, and, therefore, yields its own sequence of improvable lower bounds to the ground state energy of the polaron at rest as well as to the adjacent low-lying branch of the excitation energy spectral curve of the moving polaron. Convergence of the thus obtained lower bounds to the respective true values has not been proved in general yet and, at the present stage, can be judged upon in the course of practical numerical calculations only. The sets {|p i , i = 1, . . . , k} can be chosen to make analytical calculation of all requisite matrix elements feasible. At the same time, any realistic calculations will inadvertently involve a lot of routine work. Because of this, the choice (32) for the variational states looks especially attractive as it allows for relatively easy implementation of the matrix element calculation algorithm by means of contemporary programming tools for analytical computation such as Mathematica or Maple.
It is essential to stress once again here that the method of intermediate problems, as it was presented above, was shown to be applicable to the so-called "physical" polaron model where k D is finite, which property has been employed consistently throughout all calculations. Nevertheless, this does not mean at all that no generalization of the method to the case of the "field-theoretical" polaron model is possible. Actually, the main formal obstacle to such a generalization stems from the fact that Hamiltonian (21) becomes unbounded from below for k D → ∞. In other words, in the partitioning (21), (22) of the original Hamiltonian (3) the Hamiltonian (22) is "too positive" whilst the Hamiltonian (21) is, in some sense, "not positive enough", which makes the whole partitioning too unbalanced for successful application of the method in the limiting case k D → ∞. Fortunately, much more balanced, albeit not so simple, partitioning schemes exist for the Fröhlich polaron model, for example, the partitionings derived in [11, 12] , which surely allow for treatment of the "field-theoretical" polaron model. The analysis of this and other balanced partitioning schemes with respect to the method of intermediate problems will be presented somewhere else later. Moreover, the particular approach to the intermediate problem construction employed in this study is not unique. Other implementations of the general idea of the method of intermediate problems may happen to be free from deficiencies of the presented approach and better suited for the investigation of the "field-theoretical" polaron model.
The method outlined here is in no way limited to polaron studies. Actually, it might be applied to many similar quantum models employed in solid state physics provided that these models possess a gap in the spectrum of the free field in the free Hamiltonian H 0 like it was the case here with the free phonon field. It is also desirable for the rest part of H 0 , related to the free "matter" part of the model, to possess at least several discrete energy states lying below the onset of the respective continuous spectrum of the "matter" part. If this is not the case, a canonical transformation, eliminating the "matter" variables from the "field-matter" interaction in similarity to (3), should exist thus making the approach applicable.
